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argument proves this assertion. So we prove that w 7!
R

Rn |x|wy(x)dx is analytic.
We fix w0 with Rew0 >�n and pick d > 0 such that Rew0 �2d >�n. Then
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since limw!0
|x|w�1

w = log |x|. The passing of the limit inside the integral is justified
from the LDCT via the inequality in (2.7.8), which holds for 0 < |w|< d , combined
with the fact that |x|w0 max(|x|2d , |x|�2d )y(x) log |x| is integrable over Rn. ⇤

It turns out that the function in (2.7.7) is entire and thus uz extends to an entire-
valued tempered distribution whose Fourier transform is u�z�n. On this see [31].

Exercises

2.7.1. Let F 2S (Rn) with
R

Rn F(x)dx= 1 and for e > 0 let Fe(x)= e�nF(e�1x).
Show that Fe ! d0 in S 0(Rn) and that Fe ⇤ f ! f in S for every f 2 S (Rn).
Conclude that Fe ⇤u ! u in S 0 for every u 2 S 0(Rn).

2.7.2. For j 2 S (Rn) prove that (t�he j j �j)/h ! ∂ jj in S as h ! 0.

2.7.3. On the real line consider the tempered distribution uz of Example 2.7.4. Use
the Taylor expansion at the origin of a function j 2 S (R)
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for an arbitrary even positive integer N, to write
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Deduce the analyticity of the function z 7!
R
|x|<1 |x|zj(x)dx on C \E, where E =

{�1,�3,�5, . . .}. Conclude from this that the function z 7! huz,ji is entire.⇥
Hint: The function z 7! G ( z+1

2 )�1 has zeros of order 1 at �1,�3,�5, . . . .
⇤

2.7.4. Suppose that f is a tempered distribution on Rn whose Fourier transform
coincides with an integrable and compactly supported function. Prove that f 2 C •.⇥
Hint: Show first that f can be identified with the function x 7!

R
Rn bf (x )e2pix·x dx .

⇤

2.7.5. Let a > 0. Using that the Fourier transform of e�p|x|2 is itself, show that
(a) The Fourier transform of e�pa|x|2 on Rn is a�n/2e�p|x|2/a.
(b) The Fourier transform of e�p(a+it)|x|2 is (a+ it)�n/2e�p|x|2/(a+it), t 2 R.
(c) The distributional Fourier transform of e�ipt|x|2 is (it)�n/2eip|x|2/t , t 2 R\{0}.


