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and this yields (2.7.1), with C¢ ¢ being the expression in the square brackets. [

Lemma 2.7.2. The Riemann sums of the integral in (2.7.2) converge to this integral
in the topology of <.

Proof. For each N € Z" we partition [~N,N]" into a union of (2N?)" cubes Q;
of side length 1/N and we let y; be the center of each Q;. We will show that for
multi-indices o,  the following Riemann sum minus the corresponding integral
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converges to zero in L*(R") as N — co. We write
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by the mean value theorem. Using estimates for Schwartz functions and the simple
inequality |V(FG)| < Yi_,(|F||G| + |F||dkG]), for y € Q; we estimate
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when M > 2|a| +2n, where & = (1 — 0)y+ 0y;. The last expression is bounded by

C |x]1®l 1 Va_ Cu ||l 1 Vn
(L [x)M/2 2+ |ENM/Z 2N = (1+ [x)M/2 (1 +[y)M/2 2N 7

since || > [y| — 6|y —y;| > |y] — > [y| = 1 for N > \/n. Inserting this estimate
in (2.7.4) and using (2.7.3) and the fact that R” = U;Q; U ([—N,N]")¢, we obtain



