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One can check that the operations of translation, dilation, reflection, and differ-
entiation are continuous on tempered distributions.

Example 2.6.14. Let xy € R". Then we have 3;0 = J8_y, (in particular, go = dp), also
(80)" =1t7"8, and Ty = Oy, .

We now define the product of a function and a distribution.

Definition 2.6.15. Let u € .’ and let h be a € tempered function whose deriva-
tives are also tempered. This means that for all multi-indices y there are Cy,ky > 0
such that [97h(x)| < Cy(1+ |x|)**. We define the product of 4 and u by setting

(hu,@) = (u,h o), pc.s. (2.6.13)

To verify that hu is a well-defined element of .%”, we first verify that h¢ lies in
#; indeed, for each pair of multi-indices a, § we have

Pap(hp) <), CVCrZiiy (ﬁl) (Bn) Y Poispy(@) <oo,
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in view of Leibniz’s rule, where C,, , are the constants in (1.7.3). This implies that

|(hu, @)| is bounded by a finite sum of p, 5(@), thus /u lies in ./ (R").

To define the convolution of a function with a tempered distribution, we exam-
ine an identity for functions. Observe that for ¢, ¥ in .#(R") and any integrable
function® g on R” the identity holds:

| (@ vdr= [ s0(@sw)d. 2614

Motivated by (2.6.14), we give the following definition:
Definition 2.6.16. Let u € ./ and ¢ € .. Define the convolution @ x u as follows:
(pxu, ) = (u,p*y), v e S(RY). (2.6.15)

We note that @ *u lies in ./ (R"), since for all multi-indices a, 8 we have
pap(@+y) < sup [ 1oy 0[P y()|dy
xeR" JR"

< 2le sup | (ly =/ +[y[%) @ (y — x)[ |9 w(y)| dy
xeR? n
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using the inequality |x||% < 21e|x — y|lol 4 2laljyllel and (1.7.2).
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6 In fact, any locally integrable function that is tempered at infinity.



