6.5 Interpolation Using BMO 273

11 2pimeny < 1M () ey

<2 ()

R (6.5.2)

<P M ()| e ")

<L M) e &)

If in addition p > 1, then all of the above inequalities become equivalences.

Proof. Since for every point in R” there is a sequence of dyadic cubes shrinking to
it, the Lebesgue differentiation theorem yields that for almost every point x in R”
the averages of the locally integrable function f over the dyadic cubes containing
x converge to f(x). Consequently, |f| < My(f) a.e., hence the first inequalities in
(6.5.1) and (6.5.2) hold. Theorem 6.4.6 provides the second inequalities in both
(6.5.1) and (6.5.2). The third inequalities are trivial, while the last inequalities are
consequences of Proposition 6.4.4 (2).

Finally, if p > 1, then (1.4.7) and Exercise 1.4.8 provide the missing estimates
that reverse all inequalities in (6.5.1) and (6.5.2), respectively. U

For the purposes of the next result we set Lg, to be the space of all L™ functions
that are supported in a set of finite measure.

Theorem 6.5.2. Let | < py < co. Let T be a linear operator that maps L"(R") to
LPo>=(R") with bound A and L, (R") to BMO(R") with bound A;. Then for all p
with py < p < oo there is an extension of T on LP(R") and a constant Cy p, p, such
that for all f € LP(R") we have
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Caset: po>1- Define the operator S(f) = M!(T(f)) for f € LP0 + L7, . It is easy
to see that S is a subadditive operator. We first prove that § maps Ly, to L”. Indeed,
for f € L, we have
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Next we show that S maps L0 to LPo*. For f € LP° we have
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Interpolating between these estimates using Theorem 1.3.4, with .# being the
space of finitely simple functions, we deduce
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forall f € &, where pg < p < . Consider now a function 4 in .%. Then h € LP°(R")
and by assumption T'(h) € LPo>=(R"). This gives that My (T (h)) € LPo=(R") by
Theorem 6.3.3 (d); then Proposition 6.5.1 [in particular (6.5.1)] is applicable and
gives . o m
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From this and the dens1ty of f in L? we derive (6 5. 3) for all fe LP (R”)
Case-H: py=1- :
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on L' + L. We prove that S5 maps L, to L”. Indeed, for f € L, one has

1S5(f [ME(IT(f)[%) %\

Me- =

O

HM# IT >\ )|

b
BMO

H,;MO (by Exercise 6.1.7)

*H\T

<25 ||T(f

1 .
<aba|s]-
At the other endpoint for f € L! we write
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We interpolate between the estimates S5 : Ly, — L™ and S : L' — L', ap-

plying Theorem 1.3.4 with .%#, the space of all finitely simple functions on R”. We
deduce that for all 1 < p < e and all f € .% one has
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In order to prove (6.5.3) we fix p with 1 < p < o and consider a function % in
. Then h € L'(R") and thus by assumption 7 (k) lies in L'**(R"). Tt follows that

\'1‘(/7)\5 lies in L! 5‘”(R”) hence M[/(\'I'(/z)\b‘:) el 5‘”(R”) by Theorem 6.3.3 (d).
Finally Proposition 6.5.1 applies (with pg = 1/8) and gives
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Inserting the estimate in (6.5.4) to (6.5.5) we obtain (6.5.3) with /4 in place of f,
where G, ;.1 also depends on & (but we could take 0 = 1/2). Finally, by the density
of # in L”(R") we deduce (6.5.3) for all f € L”(R"). DELETE GREEN TEXT O

Remark 6.5.3. Theorem 6.5.2 is also valid if BMO is replaced by the bigger space
BMO,. In fact one replaces M* by ij and uses a version of Exercise 6.1.7 with
BMOy; in place of BMO.

Next, we turn to an application of Theorem 6.5.2.

Theorem 6.5.4. Let K be a locally integrable function on R"\ {0} which satisfies
(3.3.3) and (3.3.4) (with constant A,), and associated with K there isa W € ./’ (R")
and a sequence & | 0 as in (3.3.7). Assume that the operator T given by convolution
with W admits a bounded extension from L? to L. Then for all f € Ly, we have
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Proof. Let us fix a cube Q centered at a point cp and let Q* be the cube with the
same center and with sides parallel to those of Q and side length £(Q*) = 2,/nf(Q),
where ¢(Q) is the side length of Q. Given a function f bounded whose support has
finite measure we split /' = fo + fe, Where fo = fxo- and fo = f¥(0+)c. For fixed
x € Q we claim that 7' (f.)(x) is well defined and is equal to
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and the reason is that the last integral is absolutely convergent; indeed, fory € (Q*)¢
and x € Q we have |x —y| > /nf(Q), thus
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and the function f is bounded and supported in a set of finite measure.
We set

K(x—y)| <
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