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by considering the cases |x| < 2R and |x| > 2R. Use this estimate to prove
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by Holder’s inequality, where C’ is independent of f and R. By translation, this
estimate is valid over any ball and thus over any cube. Then use Exercise 6.4.4.]

6.4.6. Suppose fi, f € Ll (R"), and |fi| < C|f| ae. for k=1,2,..., where Cis a

loc
positive constant. Suppose that fp — f a.e. as k — co. Show that

M (f) < Timinf M (fi)-

6.4.7. (a) Let f, fi, k = 1,2,... be functions in L*(R") such that || fy — f|[z> — 0
as k — oo. Show that M*(f;,) — M*(f) pointwise everywhere.

(b) Let f, fi, k=1,2,..., be functions in L' (R"). Suppose that f; — f in L' (R")
and the sequence { fi};_, is equicontinuous in L' in the following sense: For every
€ > 0 there is a 0 > 0 such that

A <8 — /\fk|dy<£ for all k.
A

Prove that M. (i) — M.(f) pointwise everywhere, although it may not be the case
that M? () — MP(f).

6.5 Interpolation Using BMO

In this section we discuss an interpolation theorem in which the space L™ is replaced
by BMO. The sharp function plays a key role in this result. Before doing so, we state
a corollary of Theorem 6.4.6 that is quite useful in this type of interpolation.

Proposition 6.5.1. Let 0 < po < oo. Then for any p with py < p < o and for all f in
Ll .(R") satisfying (6.4.9) [in particular if My(f) € LPO™ ] we have
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Analogously, we have



