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(b) Given g satisfying & = p < g < oo, there is an r in [1,o0) such that
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Then 1 < £+ 1, which implies that (—n+s)r > —n. Thus, the function |x| ="+ Ajx|<2
is integrable to the rth power, which implies that Gy is in L"(R"). As f in L{ can be
written Gy % (I — A)2 f, Young’s inequality (Proposition 2.4.2) gives that

||f||Lq(Rn) < |Gy (I-A)2f]|
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(c) Let s > n/p and M be the largest integer strictly less than s — %~ Then for all
|a| < M, by Proposition 5.2.3, d*G,(x) decays exponentially when |x| > 2 and it is
bounded by a constant multiple of max (|x|~**~1%/ log 2., 1) when 0 < |x| < 2. This

I«
function lies in L”' (B(0,2)) when |o| < s —n/p and thus %G lies in L” (R") for all
|| <M. Let f € L (R"). Applying Theorem 1.7.1 (with g = (I — A)*/2f, ¢ = G,
and m = M)* we obtain that f = G, (I — A)*/2f lies in M (R") and satisfies

0%f =% (Gyx (I—A)*2f) = (09Gy) (1 — A)/2 f

for all || < M. The boundedness and uniform continuity of this function are con-
sequences of Theorem 1.6.7. Holder’s inequality now yields

¥ 0%, < ¥ oGl lla-arell, = (L %G, )ls

o] <m |o|<M o <M

P
Ly

and thus the claimed embedding is valid.
In the event that N = s — % is an integer, for p < g < oo we notice that

11l = U =2)2 Al < ClE=2)2 1, =Cll7]p-

where the preceding inequality is a consequence of the assertion in part (b). (]

Exercises

54.0.Lets€ Z" and f € LY(R") for 1 < p < . Suppose that g is a ¢”* function
on R” with the property 0%g € L=(R") for all || < s. Prove the fg € LY (R").

54.2.Letdbea %, function on R” that equals 1 in a neighborhood of the origin.
Prove that the function & ~ (1+ |€[2)%/2|E|75(1 — ®(&)) lies in .#,(R") for all
1 <p<oo.

4 Strictly speaking, to apply Theorem 1.7.1, we need G, to be in ™ (R"), but G, may be discon-
tinuous at the origin. So, we need a version of Theorem 1.7.1 in which the hypothesis ¢ lies in
EM(R") N LY (R") is replaced by ¢ lies in G (R"\ {0}) N LY (R"). Then the conclusion is that
@xgliesin @M (R"\ {0}) and 9% (@ * g) is equal to the continuous and bounded function (9% @) * g
on R"\ {0} for all |ot| < m.



