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4.4.4. Let Y ,F be as (4.4.23) and (4.4.25). Prove the operator identities on L2
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4.4.5. Let Y be a Schwartz function whose Fourier transform vanishes in a neigh-
borhood of the origin and let j 2 S (Rn). Prove that for any M > 0 there is a con-
stant CM =CM,n,Y ,j such that
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Conclude that if Y is an (4.4.23), then for all 0 < p  • one has

Â
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DY
j (j)! j in Lp as N ! •.

⇥
Hint: Use the estimates |(Y2� j ⇤ j)(x)|  CM,n2min(0, j)n(1 + 2min(0, j)|x|)�M and
|(Y2� j ⇤j)(x)|  CM,L,n2�L j(1+ |x|)�M for any L,M 2 Z+ [ {0}. These are con-
sequences of Theorems 7.1.1 and 3.3.5 and the second estimate uses that Y has
vanishing moments of all orders. Last assertion: start with p = •.

⇤

4.4.6. Let Y be a Schwartz function that satisfies (4.4.23). Let 1 < p < •. Prove
that for g 2 Lp(Rn) we have
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⇥
Hint: Use Exercise 4.4.5.

⇤

4.4.7. Let m be a bounded function on Rn that is supported in the annulus
1  |x | 2 and define Tj( f ) =

� bf m(2� j(·))
�_. Suppose that the square function
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is bounded on Lp(Rn) for some 1 < p < •. Show that there is a constant Cp,n such
that for every finite subset S of the integers and every f 2 Lp(Rn) we have
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4.4.8. Prove the following generalization of Theorem 4.4.2. Let A1,A2 > 0. Suppose
that Kj, j 2 Z are locally integrable functions on Rn \{0} that satisfy
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