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Remark 1.2.7. Note that for 0 < r < •, k| f |rkLp = k fkr
Lpr . One can verify that the

same property holds for the weak Lp quasi-norm, i.e., k| f |rkLp,• = k fkr
Lpr,• .

Definition 1.2.8. The space L1
loc(Rn, | · |) of locally integrable functions is the set of

all Lebesgue-measurable functions f on Rn that satisfy
Z

K
| f (x)|dx < • (1.2.7)

for any compact subset K of Rn.

Example 1.2.9. (a) Lp(Rn) is contained in L1
loc(Rn) for 1  p  • (Theorem 1.1.3).

(b) For 0 < p < 1, Lp(Rn)\L1
loc(Rn) 6= /0; i.e., it contains |x|�

n
p
�

log 1
|x|
�� 2

p c|x| 1
2
.

(c) There exist functions in L1,•(Rn)\L1
loc(Rn), such as |x|�n.

(d) The function ee|x| lies in L1
loc(Rn) but not in Lp(Rn) for any p > 0.

Theorem 1.2.10. For a measurable function f on a s -finite measure space (X ,µ)
define

?????? f
??????

Lp,• = sup
0<µ(E)<•

µ(E)�1+ 1
p

Z

E
| f |dµ .

Let 1 < p < •. Then ||| · |||Lp,• is a norm on Lp,• that satisfies

�� f
��

Lp,• 
?????? f

??????
Lp,•  p

p�1
�� f

��
Lp,• .

Proof. Let E j X such that 0 < µ(E) < • and let f 2 Lp,•(X ,µ). By Proposi-
tion 1.2.3 we write

Z

E
| f |dµ =

Z •

0
µ({| f |> l}\E)dl


Z •

0
min

⇣
µ(E),

k fkp
Lp,•

l p

⌘
dl

=
p

p�1
µ(E)1� 1

p
�� f

��
Lp,• ,

(1.2.8)

which follows by splitting the integral at l = k fkLp,• µ(E)�
1
p . Therefore,

?????? f
??????

Lp,•  p
p�1

�� f
��

Lp,• .

As X is s -finite, we can write X = [•
N=1XN with X1 j X2 j · · · and µ(XN)< •.

For l > 0 let El = {| f | > l} and EN
l = {| f | > l}\XN . Then we clearly have

µ(EN
l )  µ(XN) < • and

R
EN

l
| f |dµ � l µ(EN

l ). Let us fix l > 0 and N 2 Z+. If
µ(EN

l )> 0, then
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??????

Lp,• = sup
0<µ(E)<•

µ(E)�1+ 1
p

Z

E
| f |dµ � µ(EN

l )
�1+ 1

p l µ(EN
l ) = l µ(EN

l )
1
p ,


