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on So(X) and T is bounded from LP"(X) to L4"(Y). Thus T is the unique bounded
extension of T on the entire space LP"(X). For details, see Exercise 1.4.17. O

Proposition 1.4.21. For all 0 < p,r < oo the space So(X) is dense in LP"(X).

Proof. Let f € LP"(X) and assume first that f > 0. Using (1.4.5) and the fact that
dy is decreasing on [0,0), we obtain for any n € Z,
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which implies that d¢(27") < oo. Likewise, again in view of (1.4.5), we have
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which implies that lim,_,.d¢(2") = 0. Thus, for any n € Z*, there exists k, € N
such that
dr2y =p({xeXx: flx)>2M}) <2

LetE, = {x €X: 27" < f(x) < 2%} and note that it (E,) < dy(27") < oo for each
n € Z". We write fxg, in binary expansion, that is, f¥g, (x) = Yoy d (x)27,
where dj(x) =0 or 1. Let Bj = {x € E, : dj(x) = 1}. Then, p(B;) < p(E,) and
f Xk, can be expressed as fxg, = Y74 27 xB;-

Set fu=Y_4, 2_/;(3j. It is obvious that f, € Sg (X) and f, < fxg, < f. Ob-

j:
serve that when x € E,,, we have

fE = fulx)= Y 27, <277,

Jj=n+1

and that when x ¢ E,, we have f,(x) = 0 and f(x) > 2% or f(x) < 27" It follows
from these facts that

di—py (@) = (B~ fo> 27" i (BSN{S — fu>27)) <27
Hence, for 27" <t < oo one has
(F=f)" () < (f—fu) (27" =inf{s > 0: dp_p,(s) <27"} <27

This implies that lim,_,e(f — f»)*(¢) = 0 for all # € (0,c0). By Proposition 1.4.5 (4),
(6), we obtain for all £ € (0,00)

(f = fa)" (1) < f7(/2) + 1, (8/2) <2f7(2/2).



