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are LP multipliers. Since m' is integrable over all intervals of the form [2/,&] when
2/ < & < 2/*1, the fundamental theorem of calculus gives

A € A .
m(&) =m(2))+ [ m(t)dt, for 2/ < & < 2771,
J2i
from which it follows that for a Schwartz function f on the real line we have
=R 2/+l
mEFE): ) =mFE 1 )+ [ F O @i E)m (1) dr.
We therefore obtain the identity
=N =N ) 2Jj+1

(faymy)’ = (fmxlf)v =m(2)A(f) + A (f)m!(t)dr,

which implies that
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using the hypothesis (6.2.2). Taking #2(Z) norms we obtain
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where [, = (fx[o_m))v. Exercise 5.6.2 gives
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while the hypothesis on m’ implies the inequality
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Using Theorem 6.1.5 we obtain that
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and the latter is at most a constant multiple of max(p,(p —1)~")3|| || ,- Putting
things together we deduce that

| (Z1 P ), < max(p. (0= 1) A+ Il (62

from which we obtain the estimate

1GFm) "l < Cmax(p,(p= 1)) (At llmlle=) | ]

using the lower estimate of Theorem 6.1.5. This proves (6.2.3) for m.. A similar
argument also works for m_, and this concludes the proof by summing the corre-
sponding estimates for m and m_. U

We remark that the same proof applies under the more general assumption that
m is a function of bounded variation on every interval [2/,2/71] and [-2/T!, —2/].
In this case the measure |m’(r)| dr should be replaced by the total absolute variation
|dm(r)| of the Lebesgue-Stieltjes measure dm(t).

Example 6.2.3. Any bounded function that is constant on dyadic intervals is an L?
multiplier. Also, the function

m(&) = |&|2 oz S]]

is an LP multiplier on R for 1 < p < oo,

6.2.2 The Marcinkiewicz Multiplier Theorem on R"

We now extend this theorem on R". As usual we denote the coordinates of a point
& € R" by (&1,...,&,). We recall the notation I; = (—2/1,—2/](J[2/,2/*1) and
Rj =1, x---xI;, whenever j= (ji,...,jn) € Z".

Theorem 6.2.4. Let m be a bounded function on R" such that forall a = (o, . .., &)
with |ayl,...,|o,| < 1 the derivatives d%m are continuous up to the boundary of R;
for all j € Z". Assume that there is a constant A < o such that for all partitions
{s1, sy U{r, .o rey ={1,2,...,n} withn =k+{ and all § € Rj we have

sup - Sup/ / |y, - Oyym) (Ere . En) | dEyy - -dE, <A (62.5)
s1 JYk

Sr€liy, &€l Ij

forallj= (ji,...,jn) €Z". Then m is in #,(R") whenever 1 < p < e and there is
a constant C, < o such that

]| sz, ey < Ca(A+ [ m]l =) max (p, (p—1)1)". (6.2.6)



