434 6 Littlewood—Paley Theory and Multipliers

Exercises

6.1.1. Construct a Schwartz function ¥ that satisfies ;7 (P(277E)2 =1 for all
& € R"\ {0} and whose Fourier transform is supported in the annulus § < [£| <2
and is equal to 1 on the annulus 1 < |§] < L.

[Hint: Set P(&) = (&) (Trez |1 (27E)[?) "/ for a suitable n € €5°(R") ]

6.1.2. Suppose that ¥ is an integrable function on R” that satisfies |‘f’(§)| <
B min(|&|,|E|€) for some €,& > 0. Show that for some constant Ceer < oo we
have

Sup (/OW@(@)FC?)i—&- sup (Z |q7(2ﬁ'€)‘2>% <C,uB.

EcRr EeR" N jez,

6.1.3. Let ¥ be an integrable function on R" with mean value zero that satisfies
I <BA+) [ W—y) —® ()l dr < Bl

for some B,€’,€ > 0 and for all y # 0.

(a) Prove that |P(&)| < Cn,e.¢r Bmin(|§ min(5.1)||€[~€) for some constant Cnee and
conclude that (6.1.4) holds for p = 2. '

(b) Deduce the validity of (6.1.4) and (6.1.5).

(c) If € < 1 and the assumption |¥(x)| < B(1+ |x|)™" "¢ is weakened to |¥(x)| <
B|x| 7" for all x € R”, then show that |¥(€)| < ¢, ¢ & Bmin(|€|5, |€| 7€) and thus
(6.1.4) and (6.1.5) are valid.

[Hint.' Part (a): Make use of the identity

P& = /nefzmx'éq’(x)dx: —/nefzmx'éll’(x—y)dx,

where y = %W when |&| > 1. For || < 1 use the mean value property of ¥ to write

'f’(é) = [@n P (x)(e"2"¢ — 1)dx and split the integral in the regions |x| < 1 and
|x| > 1. Part (b): If K is defined by (6.1.13), then control the £2(Z) norm by the ¢! (Z)
norm to prove (6.1.16). Then split the sum ¥ jcz [, >o)y| |- (x = y) — ¥ (x)| dx
into the parts szg‘y‘—l and 22j>\.\'\’1' Part (c): Notice that when € < 1, we have

| fiyer P () (e7275€ — 1) dx| < G, BIE|5. ]

6.1.4. Let ¥ be an integrable function on R” with mean value zero that satisfies

SB[ =)~ W) dx < Byl
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for some B, &' >¢ > 0 and for all y # 0. Let ¥ (x) =t "% (x/1). (a) Prove that there
are constants ¢,,cl, such that

l
* dt
([ 1P ax) <aupi.

1
oo 2
w [ (/ |l14<x—y>—l14<x>|2"’) dx < ¢, B.
yeRm\ {0}/ [x[>2]y| \ /0 !

(b) Show that there exist constants C,,C], such that for all 1 < p < e and for all
f € LP(R") we have

I([ e

and also for all f € L'(R") we have

I ey

(¢) Under the additional hypothesis that 0 < [ P (:£) 24t = ¢ forall £ € R"\ {0},
prove that for all f € LP(R") we have

LP(R") < ¢ BmaX( - 1)71)Hf”Lp(R")

< GB|f 1 e -

L1 (R7)

HfHLP R") < C!Bmax(p H(/ If* q,|2dl‘>

Lp(Rn)

[Hint: Part (a): Use the Cauchy-Schwarz inequality to obtain

1
* dr\?
[ ([0 - 2P ) s
|20y \ /0 t
1
_e e dt 2
<abl ([ b [Tiwe-y - nwpd )
|20y 0 4

and split the integral on the right into the regions 7 < |y| and ¢ > |y|. In the second
region use that ¥ is bounded to replace the square by the first power. Part (b): Use
Exercise 6.1.2 and part (a) of Exercise 6.1.3 and to deduce the inequality when
p =2. Then apply Theorem 5.6.1. Part (c): Prove the inequality first for f € .7 (R")
using duality. |

6.1.5. Prove the following generalization of Theorem 6.1.2. Let A > 0. Suppose
that {K;} jcz is a sequence of locally integrable functions on R"\ {0} that satisfies

1
sup\x\"(zm ?)* <4,
7&

JjEL

1
2

sup | IKj(x—y) — Kj(0)")  dx <A <o,
yeR™\ {0} \XI22M<Z ! ! )



