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forall f € 7 (R"), where M is the Hardy—Littlewood maximal operator. Moreover,
T™) is bounded on LP(R") when 1 < p < oo,

Proof. Let ¢ be a radially decreasing smooth function with integral 1 supported
in the ball B(0,1/2). For a function g and € > 0 we use the notation g¢(x) =
£ "g(e~'x). For a distribution W we define W, analogously, i.e. as the unique dis-
tribution with the property (W, y) = €7"(W, y,-1). We begin by observing that
K1 (x) = €"K(ex) satisfies (5.3.19), (5.3.20), and (5.3.21) uniformly in € > 0.

Set, as before, K(€) (x) = K(x)X|x|>¢- Fix f € 7 (R") for some 1 < p < 0. Obvi-
ously we have

FKE = fa((Ke) V), = fxWr@e+ f5 ((Ke)V =W 159),. (5323)
Next we prove the following estimate for all € > 0:
[(Kem) Y =Wt x9) (0)] S C(A1 +A2+A3) (14 x) 0 (5.3.24)

for all x € R". Indeed, for |x| > 1 we express the left-hand side in (5.3.24) as

[ (Ke ()= Ko =) o) .

Since ¢ is supported in |y| < 1/2, we have |x| > 2|y|, and condition (5.3.20) yields
that the expression on the left-hand side of (5.3.24) is bounded by
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which proves (5.3.24) in the case |x| > 1. When |x| < 1, the left-hand side of (5.3.24)
equals

(W1 % @)(x) = lim K. 1(x—y)o(y)dy (5.3.25)
51'—)0 |X—y|26j

for some sequence §; | 0; see the discussion in Section 5.3.2. The expression in
(5.3.25) is equal to
Lh+bh+1,

where
h= [ Ke=y)e0)dy.
J|x—y|>

I = @(x) lim K._i(x—y)dy.
3= ¢ ):Sf—>0 I £ 1(x—y)dy

In 7; we have 1/8 < [x—y| < 141/2 = 3/2; hence I; is bounded by a multiple of
Aj. Since |@(x) — @(y)| < c|x —y|, the same is valid for L. Finally, /3 is bounded

by a multiple of A3. Combining these facts yields the proof of (5.3.24) in the case
|x| < 1 as well.



