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Theorem 1.3.2. Let (X, 1) and (Y, V) be a pair of c-finite measure spaces and let
0 < po < p1 <oo. Let T be a sublinear operator defined on LP0(X)+ LP'(X) =
{fo+fi: fj € LPi(X),j=0,1} and taking values in the space of measurable func-
tions on Y. Assume that there exist Ag,A| < oo such that

1T ooy S Aol fll oy forall f € L(X), (1.3.5)
1T vy S AUl ) forall f € L7V (X). (1.3.6)

Then for all po < p < p1 and for all f in LP(X) we have the estimate
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Proof. Assume first that p; < 0. Fix f a function in L”(X) and o > 0. We split
f=f¢+ f7 where f¢ is in L0 and f* is in LP'. The splitting is obtained by
cutting | f| at height S for some & > 0 to be determined later. Set

o _fx) for |f(x)]>da,
“(”"{o for |f(x)] < S,
arn ) Sfx) for |f(x)] <da,
S = {o for |f(x)| > 6a.

It can be checked easily that f* (the unbounded part of f) is an LP0 function and
that f{* (the bounded part of f) is an L”! function. Indeed, since py < p, we have

I8 = [ PP < a7 115,

and similarly, since p < py,
1202 < (8P| £

In view of the subadditivity property of T contained in (1.3.3) we obtain that
ITOI< T +IT U]
which implies
ey T(H)I>at S{yeY: |T(f5) ()| > a/2tu{yeY: [T(f) ()] > a/2},

and therefore
dr(p)(@) < dr(ge(0t/2) +dr(ge(0/2). (1.3.9)
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Hypotheses (1.3.5) and (1.3.6) together with (1.3.9) now give
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In view of the last estimate and Proposition 1.1.4 (which can be used since Y is
o-finite), we obtain that
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and the convergence of the integrals in ¢ is justified from pg < p < p;, while the
interchange of the integrals (Fubini’s theorem) uses the hypothesis that (X, ) is a
o-finite measure space. We pick 6 > 0 such that

(ZAO)PO — (ZAI)PI(SPI—P’
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and observe that the last displayed constant is equal to the pth power of the constant
in (1.3.8). We have therefore proved the theorem when p; < oo.
We now consider the case p; = oo. Write f = f* + f¥, where

arn ) f(x) for |f(x)] >y,
fo (x)‘{o for |£()] < 7a,
w10 for W<y
S {o for [f(x)| > ye.

We have
1T A= < AL FE] - S Arye= /2,



