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Lemma 4.3.8. Suppose that the function b on Rn is regulated at the point x0. Let
Kε(x) = ε−ne−π|x/ε|2 for ε > 0. Then we have that (b∗Kε)(x0)→ b(x0) as ε → 0.

Proof. For r > 0 define the function

Fx0(r)=
1
rn

∫
|t|≤r

(
b(x0−t)−b(x0)

)
dt =

1
rn

∫ r

0

∫
Sn−1

(
b(x0−sθ)−b(x0)

)
dθsn−1ds.

Let η > 0. Since b is regulated at x0 there is a δ > 0 such that for r ≤ δ we have
|Fx0(r)| ≤ η . Fix such a δ and write

(b∗Kε)(x0)−b(x0) =
∫

y∈Rn

(
b(x0− y)−b(x0)

)
Kε(y)dy = Aε

1 +Aε
2,

where
Aε

1 =
∫
|y|≥δ

(
b(x0− y)−b(x0)

)
Kε(y)dy

and

Aε
2 =

∫
|y|<δ

(
b(x0− y)−b(x0)

)
Kε(y)dy

=
∫

δ

0

1
εn e−π(r/ε)2

∫
Sn−1

(
b(x0− rθ)−b(x0)

)
dθrn−1dr

=
∫

δ

0

1
εn e−π(r/ε)2 d

dr
(rnFx0(r))dr .

For our given η > 0 there is an ε0 > 0 such that for ε < ε0 we have

|Aε
1| ≤ 2‖b‖L∞

∫
|y|≥ δ

ε

e−π|y|2dy < η .

Via an integration by parts Aε
2 can be written as

|Aε
2| =

∣∣∣∣δ nFx0(δ )
1
εn e−π(δ/ε)2 −0+2π

∫
δ

0

r
εn+2 e−π(r/ε)2

rnFx0(r)dr
∣∣∣∣

=
∣∣∣Fx0(δ )

δ n

εn e−π(δ/ε)2
+2π

∫
δ/ε

0
rn+1Fx0(εr)e−πr2

dr
∣∣∣

≤
∣∣Fx0(δ )

∣∣δ n

εn e−π(δ/ε)2
+ sup

0<r≤ δ
ε

|Fx0(εr)|2π

∫
δ/ε

0
rn+1e−πr2

dr

≤
∣∣Fx0(δ )

∣∣Cn + sup
0<r≤δ

|Fx0(r)|C
′
n

≤ (Cn +C′n)η ,

where we set Cn = supt>0 tne−πt2
and C′n = 2π

∫
∞

0 rn+1e−πr2
dr. Then for ε < ε0 we

have |(b∗Kε)(x0−b(x0)|< (Cn +C′n +1)η , thus (b∗Kε)(x0)→ b(x0) as ε → 0. �


