226 3 Fourier Series

3.5.3. Let L% (T') be the space of all differentiable functions on T! whose deriva-
tives are integrable. Obtain the inclusions L (T!) C BV(T!) C L=(T!) as follows:
() If £ € LI(T"), then Var(f) < || /|| 1-

(®) If f € BV(T"), then | f|z~ < Var(f) +|£(0)].

3.54.(a) Leta; >0, sy = ZiV:_N ay, and oy = ﬁ(so + -+ sy). Suppose that
oy — L < ooas N — . Prove that sy — L as N — o,

(b) Apply the preceding result to show that if a complex-valued function / on T!is
continuous in a neighborhood of 0 and h(m) > 0 for all m € Z, then 2(0) > 0 and
Yoez ﬁ(m) = h(0) < o0 i.e., the partial sums of the Fourier series of & converge at
Zero.

355. Lethe L'(T!), 10 € T',and 0 < § < 1/2.
(a) Show that (h*Dy)(fy) — L as N — oo if and only if

8 (h(ty—t)+h(tg+1) sin(Mr)
[ )

dt=0.
2 t

lim
M—o0

(b) Conclude that if an integrable function 4 on T! satisfies

/‘5 |h(to — 1) +h(to+1) —2L| i < o
Jo t

then (h*Dy)(to) — L as N — oo.
(c) In particular, if there are constants C, 3 > 0 with 8 < 1 such that for all ¢ with
0 <t < & we have

|A(to — 1)+ h(to +1) = 2h(to)| < CtP

then (hxDy)(to) — h(tp) as N — oo.
(d) If & is an odd function, then (7% Dy)(0) — 0 as N — oo,

3.5.6. Let f € L'(T") and suppose that (a,b) is an interval in T'. Then we have

fim b(f*DN)(t)dt:/bf(t)dt.

N—voo Jg

[Hint.' Use Theorems 3.5.4 and 3.5.5 and the fact that the operator f +— f* Dy is
self-adjoint. |

3.6 Lacunary Series and Sidon Sets

Lacunary series provide examples of 1-periodic functions on the line that possess
certain remarkable properties.



