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It is easy to see that the operations of translation, dilation, reflection, and differ-
entiation are continuous on tempered distributions.

Example 2.3.12. The Dirac mass at the origin & is equal to its reflection, while
098y = a"§y for a > 0. Also, T8 = 0, for any x € R".

Now observe that for f, g, and 4 in . we have

/ (hxg)(x)f(x)dx = /R g(x) (= f)(x)dx. (2.3.14)

Motivated by (2.3.14), we define the convolution of a function with a tempered
distribution as follows:

Definition 2.3.13. Let u € .%” and h € .. Define the convolution / * u by

(hxu,f)y = (uhxf), fe. (2.3.15)
Example 2.3.14. Let u = 6, and f € .. Then f * J,, is the function x — f(x —xp),
for when h € ., we have

(f8ugsh) = (8 Fxh) = (Feh)x0) = [ flx=s0)h(x)dx.

It follows that convolution with Jy is the identity operator.
We now define the product of a function and a distribution.

Definition 2.3.15. Let u € .’ and let i be a ¢ function that has at most polynomial
growth at infinity and the same is true for all of its derivatives. This means that for
all o it satisfies |(d%h)(x)| < Cq(1+ |x|)¥e for some Cy,ky > 0. Then define the
product hu of h and u by

(hu, f) = (u,hf),  fe.Z. (23.16)

Note that if is in . and thus (2.3.16) is well defined. The product of an arbitrary
%> function with a tempered distribution is not defined.

We observe that if a function g is supported in a set K, then for all f € €;°(K*)
we have

/nf(X)g(x) dx=0. (2.3.17)

Moreover, the support of g is the intersection of all closed sets K with the property
(2.3.17) for all f in €;°(K¢). Motivated by the preceding observation we give the
following:

Definition 2.3.16. Let u be in 2'(R"). The support of u (suppu) is the intersection
of all closed sets K with the property

¢ <6’ (R"),  suppp CR"\K = (u,0)=0. (2.3.18)



