118 2 Maximal Functions, Fourier Transform, and Distributions

2.2.10. Let f be in L' (R). Prove that
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[Hmt For x € (—o0,0) use the change of variables u =x— l orx= % (u —Va+u? )
For x € (0,0) use the change of variables u =x— 1 orx = é (u+va+u?).]

2.2.11. (a) Use Exercise 2.2.10 with f(x) = e~ to obtain the subordination
identity
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(b) Set t = 7|x| and integrate with respect to e *dx to prove that
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This calculation gives the Fourier transform of the Poisson kernel.

2.2.12. Let 1 < p < oo and let p’ be its dual index.
(a) Prove that Schwartz functions f on the line satisfy the estimate
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(b) Prove that all Schwartz functions f on R” satisfy the estimate
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o+p=(1,...,1)

where the sum is taken over all pairs of multi-indices « and f satisfying a;j+ 3; = 1
forall j =1,2,.
[Hint: Part (a): erte flx)?2=[*4 L f(t)*dr.]

2.2.13. The uncertainty principle says that the position and the momentum of a
particle cannot be simultaneously localized. Prove the following inequality, which
presents a quantitative version of this principle:
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where f is a Schwartz function on R” (or an L? function with sufficient decay at

infinity).
[Hint.' Let y be in R”. Start with
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